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Abstract
We consider the Unitary Permutation problem which consists, given
n unitary gates U1, . . . , Un and a permutation σ of {1, . . . , n}, in ap-
plying the unitary gates in the order specified by σ, i.e. in performing
Uσ(n) ◦ . . . ◦ Uσ(1).
This problem has been introduced and investigated in [6] where two
models of computations are considered. This first is the (standard)
model of query complexity: the complexity measure is the number
of calls to any of the unitary gates Ui in a quantum circuit which
solves the problem. The second model provides quantum switches and
treats unitary transformations as inputs of second order. In that case
the complexity measure is the number of quantum switches. In their
paper, Colnaghi et al. [6] have shown that the problem can be solved
within n2 calls in the query model and n(n−1)2 quantum switches in the
new model.
We refine these results by proving that n log2(n) + Θ(n) quantum
switches are necessary and sufficient to solve this problem, whereas
n2 − 2n + 4 calls are sufficient to solve this problem in the standard
quantum circuit model. We prove, with an additional assumption on
the family of gates used in the circuits, that n2− o(n7/4+ǫ) queries are
required, for any ǫ > 0. The upper and lower bounds for the standard
quantum circuit model are established by pointing out connections
with the permutation as substring problem introduced by Karp.
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1 Introduction
The problem of applying two unitary gates U and V in an order specified
by a control bit x is a natural problem: one wants to apply V U if x = 0 and
UV if x = 1. Surprisingly, Chiribella et al. [4] showed that in the standard
model of quantum circuits, this task cannot be realised using a single call
to U and a single call to V , whereas, in the lab, a simple procedure can be
implemented – using standard tools in quantum optics for instance – that
performs this task using a single call to U and and single call to V (see [4] for
details). To model such procedure, they introduced the notion of quantum
switch (QS) which is a gate that inputs two unitary transformations and
a control bit and performs a switch or not of the unitary transformations
depending on the control qubit: QS(x,U0, U1) = (Ux, Ux¯).
To point out a separation between the standard model of quantum cir-
cuits and the quantum switch model, Colnaghi et al. [6] considered the
generalisation of the previous problem: given n unitary transformations
U1, . . . , Un, and a permutation σ of [n], the task consists in performing
Uσ(n) ◦ . . . Uσ(1), where [n] denotes the interval {1, . . . , n}. This problem is
called the Unitary Permutation problem of size n or UPn problem for short.
They proved that the UPn problem can be solved within n
2 queries in the
standard model of quantum circuits whereas n(n−1)2 quantum switches suf-
fice to solves this problem. Moreover, they claimed the optimality of their
constructions in both cases. However, we improve both constructions: in the
standard model of quantum circuits we show that n2 − 2n + 4 queries are
sufficient. To this end we reduce the problem to the existence of a complete
sequence over the set {1, . . . , n}, i.e. a sequence which contains all permu-
tations of [n] as subsequences. This problem has been originally introduced
by Karp [5, Problem 36] and bounds on the size of the minimal complete
sequences are known [11, 1, 7].
Moreover, we show that the complexity of the problem in the quantum
switch model is n log2(n) + Θ(n). This problem is actually strongly related
to the classical problem of permutation networks [14], i.e. the problem of
implementing a permutation in the classical binary circuit model.
2 Bounds for the standard model
In [6] a simple circuit is provided which solves UPn within n
2 calls to the
unitary gates. The circuit is made of n + 1 layers, each composed of the
controlled-swaps, interspersed by n Ui’s in parallel.
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Each layer of generalised controlled-swap (ΛRi) performs a rewiring of
the qubits: the first layer maps qubit 1 (the data qubit) to qubit σ(1), on
which Uσ(1) is applied, then the second layer of controlled-swap maps qubit
σ(1) to qubit σ(2) and so on.
In this section we provide a more efficient circuit to solve UPn using the
permutation as substrings problem introduced by Karp (see [5], Problem 36).
A sequence over the finite set [n] is complete if it contains all permutations of
[n] as a (not necessarily consecutive) subsequence. For instance w = 1213121
is a complete sequence for n = 3. Finding the shortest complete sequence is
known as the permutation as substring problem.
Definition 2.1 Given n ≥ 1, let S(n) be the size of the shortest sequence
over [n] which contains each permutation of [n] as a subsequence.
Sequences of size n2 − 2n+ 4 are known to be complete [11, 1, 7, 9, 13],
and n2 − 2n + 4 is actually the size of the shortest complete subsequences
for 3 ≤ n ≤ 7. When n ≥ 10, the size of the shortest complete sequence is
upper bounded by n2−2n+3 [15], whereas the best known upper bound for
n ≥ 13 is ⌈n2− 73n+
19
3 ⌉ which has been recently established [12]. Regarding
the lower bound, Kleitman and Kwiatkowski [8] proved that S(n) ≥ n2 −
Cǫn
7/4+ǫ for any ǫ > 0 where Cǫ is a constant depending on ǫ.
Theorem 2.2 There exists a quantum circuit which solves the UPn problem
with S(n) calls.
Proof: Given a complete sequence w of [n] of size S(n), for any permu-
tation σ of [n] let fσ be the indices of a subsequence of w which corre-
sponds to σ, i.e. fσ : [n] → [S(n)] is an increasing function s.t. ∀i ∈
[n], σ(i) = wfσ(i). We consider the circuit acting on 3 sub-registers: the
control register which contains the description of the permutation σ, the
second register is the data register, and the third one is an auxiliary register
initialised in an arbitrary state, say |0〉. The circuit is composed of n + 1
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layers of “controlled-swap” gates ΛR0, . . . ,ΛRn defined as ΛRi |σ, x, y〉 ={
|σ, x, y〉 if i ∈ Im(fσ)
|σ, y, x〉 otherwise
where Im(fσ) = {fσ(i) | i ∈ [n]} is the image of
fσ. The unitary transformations ΛRi−1 and ΛRi are interspersed by a call
to Uwi on the data register and the identity on the auxiliary register. Given
a permutation σ, the Ri act either as a swap or as the identity in such a way
that the unitary transformations applied on the data register are Uσ(1) then
Uσ(2) and so on. An example of complete sequence for n = 3 is w = 1213121
which leads to the following circuit:
|0〉
|φ〉
|σ〉
R0 R1 R2 R3 R4 R5 R6 R7
U1 U2 U1 U3 U1 U2 U1
Corollary 2.3 The UPn problem can be solved within n
2 − 2n + 4 calls in
the standard model.
We conjecture that S(n) is also a lower bound on the number of calls
necessary to solve the unitary permutation problem in the standard model,
which would imply that any circuit which solves the unitary permutation
problem uses at least n2 − o(n7/4+ǫ) queries for any ǫ > 0.
Conjecture 2.4 The UPn problem requires n
2−o(n7/4+ǫ) calls in the stan-
dard quantum circuit model, for any ǫ > 0.
We prove the conjecture in a particular setting where only rewiring gates –
like controlled swaps – are allowed.
Definition 2.5 (Rewiring gates) A rewiring gate R is a unitary gate act-
ing on a control register and a k-qubit target register as follows: for any per-
mutation σ of [n], R |σ, x1, . . . xk〉 = |σ, xτ1 , . . . xτk〉 where τ is a permutation
of [k] which depends on σ.
Lemma 2.6 Any circuit composed of rewiring gates and calls to the Ui
which solves the UPn problem is composed of at least n
2 − o(n7/4+ǫ) calls to
the oracle for any ǫ > 0.
Proof. The circuit that solves the UPn problem has 3 inputs: the permuta-
tion |σ〉, the input state |φ〉 and some ancillary qubits that we assume w.l.o.g.
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in the state |0〉. The calls to the oracle are performed in a certain order, in-
dependent of the permutation σ, which can be represented by a sequence w
over the set {1, . . . , n}: the first call is to Uw1 , the second to Uw2 and so on.
If two or more calls are made in parallel we arbitrarily sequentialise the calls.
Each call to the oracle is preceded and followed by a rewiring gate (or by the
identity which is a particular rewiring gate). Thus for any fixed input per-
mutation σ, the input state goes through some of the U -gates. So the applied
unitary is Uτ(m) . . . Uτ(1) for some sub sequence τ of w of size m, such that
Uσ(n) . . . Uσ(1) = αUτ(m) . . . Uτ(1) for some α ∈ C (unitary transformations
are usually defined up to a global phase). We consider the following partic-
ular family of unitary gates Uj acting on 2 registers as follows ∀d ∈ N,∀x ∈
{0, 1}, Uj |d, x〉 = e
ixjnd |d+ 1, x〉. Uσ(n) . . . Uσ(1) = αUτ(m) . . . Uτ(1) implies
Uσ(n) . . . Uσ(1) |0, 0〉 = αUτ(m) . . . Uτ(1) |0, 0〉 so |n, 0〉 = α |m, 0〉, as a conse-
quence α = 1 and n = m. Moreover Uσ(n) . . . Uσ(1) |0, 1〉 = Uτ(n) . . . Uτ(1) |0, 1〉
=⇒ ei
∑
n−1
d=0 σ(d)n
d
|n, 1〉 = ei
∑
n−1
d=0 τ(d)n
d
|n, 1〉, thus τ = σ. As a consequence
any permutation is a subsequence of w, so w is complete and its size, i.e. the
number of calls, is at least n2−Cǫn
7/4+ǫ, for any ǫ > 0 [8]. So, for any ǫ > 0,
the minimal number of calls is at least n2 − C ǫ
2
n7/4+
ǫ
2 = n2 − o(n7/4+ǫ). 
Although the unitary permutation problem seems to be strongly related
to the permutation as substring problem, conjecture 2.4 is false if one consid-
ers a slightly different model. For instance, the UPn problem can be solved
with a non zero probability using n calls only. Such circuit is based on the
teleportation and generalises the construction given for the particular case
n = 2 in [4]. In a postselected quantum circuit model where one can choose
the outcome of each measurement among those which occur with a non zero
probability, the UPn problem can be solved within n calls. The probabilistic
and postselection settings point out that the proof of conjecture 2.4 should
rely on some fundamental properties of the quantum circuits, like causality.
In [4], the case n = 2 of the conjecture is proved. The proof is based on the
fact that time loops are forbidden in quantum circuits.
3 Bounds for the quantum switch circuit model
A quantum switch (QS) is a gate that inputs two unitary transforms and
a control bit and performs a switch or not of the unitary transformations
depending on the control qubit: QS(x,U0, U1) = (Ux, Ux¯). Following [6], QS
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gate are represented as follows where the control bit is omitted.
?>=<89:;U0
%%❑
❑
?>=<89:;Ux 
  QS
99ss
%%❑
❑?>=<89:;U1
99ss ?>=<89:;Ux¯
In [6], it is proved that the following network (for n = 4) solves the
unitary permutation problem:
?>=<89:;U4
$$❍
❍❍
❍❍
GFED@ABCUσ(4)
?>=<89:;U3
$$❍
❍❍
❍❍
/. -,() *+QS
$$❍
❍❍
❍❍
::✈✈✈✈ GFED@ABCUσ(3)
?>=<89:;U2
$$❍
❍❍
❍❍
/. -,() *+QS
$$❍
❍❍
❍❍
::✈✈✈✈✈ /. -,() *+QS
$$❍
❍❍
❍❍
::✈✈✈✈ GFED@ABCUσ(2)
?>=<89:;U1 ///. -,() *+QS
::✈✈✈✈✈
///. -,() *+QS //
::✈✈✈✈✈ /. -,() *+QS //
::✈✈✈✈ GFED@ABCUσ(1)
More generally, the UPn problems can be solved using
n(n−1)
2 quantum
switches. Even if this network is claimed to solve the UPn problem in the
most efficient way, minimising the number of QS in [6], we show that the
problem can be solved much more efficienty using n log2(n) +O(n) QS only.
To this end, we use the Benesˇ network that solves the classical permutation
network problem [14, 2, 10].
Lemma 3.1 For any n ≥ 1 there exists a circuit composed of n log2(n) +
O(n) QS which solves the UPn problem.
Proof: We use the following Benesˇ network B(n) to realise any arbitrary
permutation [14]:
B(n/2)
B(n/2)
QS
QS
QS
QS
QS
QS
QS
QS
U1
U2
U3
U4
Un−3
Un−2
Un−1
Un
Uσ(1)
Uσ(2)
Uσ(3)
Uσ(4)
Uσ(n−3)
Uσ(n−2)
Uσ(n−1)
Uσ(n)
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The size of the Benesˇ network is smaller than n(log2(n)−
1
2 ) even if n is not
a power of 2 (see [3] for details on Benesˇ networks when n is not a power of
2). 
The previous circuit is optimal, indeed any circuit which solves the UPn
problem is composed of at least n log2(n)− 2n QS gates:
Lemma 3.2 For any n ≥ 1, a QS circuit solving the UPn problem is
composed of at least ⌈log2(n!)⌉ ≥ n log2(n)− 2n quantum switches.
Proof. A circuit composed of k quantum switches can produce at most
2k different orderings of the Ui. As the Ui can be chosen such that for
every distinct permutations σ, τ , Uσ(n) . . . Uσ(1) 6= Uτ(n) . . . Uτ(1) (see proof of
Lemma 2.6), 2k must be larger than n! the number of possible permutations.
So k ≥ ⌈log2(n!)⌉ ≥ n log2(n)−
n−1
ln(2) ≥ n log2(n)− 2n. 
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